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Abstract
We prove that if the bilateral uniformity B of a topological group of pointwise countable type
is complete, then the Hausdor{Bourbaki uniformity of B is complete. It follows that for every
Cech complete topological group, the Hausdor{Bourbaki uniformity of B is complete. Finally,
we prove that if X is a compact topological space, then the Hausdor{Bourbaki uniformity of
the bilateral uniformity of the free Abelian topological group over X; is complete. c© 2000
Elsevier Science B.V. All rights reserved.
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1. Introduction
Throughout this paper all topological spaces are Tychono. The letters R and N will
denote the set of real numbers and the set of positive integers, respectively. If (X; d)
is a metric space, the uniformity generated by d will be denoted by Ud.
Our basic reference for topological groups is [13] and for general topology it is [5].
Topological spaces of pointwise countable type [1] are called almost metrizable in [13].
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Let us recall that if (X;U) is a uniform space and CL0(X ) denotes the collection of
all nonempty closed subsets of X , then the Hausdor{Bourbaki uniformity of (X;U)
is the uniformity on CL0(X ) which has as a base the family of sets of the form
f(A; B) 2 CL0(X ) CL0(X ): BU (A) and AU (B)g
whenever U2U.
According to [3], a uniformity U on a set X is called hypercomplete (supercomplete
in [4,7,8]) if its Hausdor{Bourbaki uniformity is complete. In this case we say that
the uniform space (X;U) is hypercomplete.
In [9], Kuratowski proved that if (X; d) is a complete metric space, then the unifor-
mity Ud is hypercomplete and credited this result to Hahn [6] (see also [7,8]). Later
on, Isbell [8] presented an example of a complete (non metric) uniform space which is
not hypercomplete. The problem of characterizing hypercomplete uniform spaces was
solved in an elegant way by Burdick [3], who proved that a uniform space is hyper-
complete if and only if every stable lter has a cluster point. Burdick’s characterization
is also implicit in a former work of Isbell (see the nal paragraph of p. 289 in [7]).
Let us recall that a lter F on a uniform space (X;U) is stable provided that for
each U2U, TF2FU (F)2F [4,7,8].
In this note we prove that if the bilateral uniformity of a topological group of
pointwise countable type is complete, then it is hypercomplete, and deduce that for
any Cech complete topological group, its bilateral uniformity is hypercomplete. It is
interesting to note that the space of Isbell’s example cited above is discrete, and, hence,
Cech complete. Finally, we prove that if X is a compact topological space, then the
bilateral uniformity of the free Abelian topological group over X is hypercomplete.
2. The results
As usual, the left uniformity, the right uniformity and the bilateral uniformity of a
topological group X are denoted by L;R and B, respectively. Recall that B=L_R.
If V is a neighborhood of the neutral element e of X , then the (basic) entourage
of L, f(x; y): x−1y2Vg; will be denoted by VL; and the (basic) entourage of R,
f(x; y): yx−12Vg; will be denoted by VR:
Let us recall [1] that a topological space X is said to be of a pointwise countable
type if for each x2X there is a compact subset K of X containing x; such that the set
of all neighborhoods of K in X has a countable base.
Proposition 1. Let X be a topological group of pointwise countable type whose bi-
lateral uniformity B is complete. Then every stable lter on (X;B) has a cluster
point.
Proof. Since X is of pointwise countable type, there exists a compact subgroup K of
X such that the quotient uniform spaces (X=K;L=K) and (KnX; KnR) are metrizable
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[13, Remark 13.19(c)]. Hence, there exist a (left invariant) metric dK on X=K which
generates the uniformity L=K and a (right invariant) metric Kd on KnX which gen-
erates the uniformity KnR. Let qK :X!X=K and Kq :X!KnX be the quotient maps.
Dene c :X  X!R by
c(x; y) = dK (qK (x); qK (y)) +K d(Kq(x);K q(y)):
Then c is a continuous pseudometric on X .
Now for each x; y 2 X , dene xy , c(x; y) = 0; and let Y = X=. Then (Y; c) is
a metric space, where c([x]; [y]) = c(x; y) for all x; y 2 X . Consider the quotient map
q :X!Y .
Since B is complete, it follows from [13, proof of Theorem 13.30] that (Y; c) is a
complete metric space and q is a perfect map in the sense of [5] (i.e. q is a continuous
closed map such that the bers q−1(y) are compact whenever y 2 Y ):
Since the uniformity induced by any complete metric space is hypercomplete [6{9],
it follows that (Y;Uc) is hypercomplete, so every stable lter on (Y;Uc) has a cluster
point (see, for instance, [3, Corollary 2]).
Next we show that q is uniformly continuous from (X;B) onto (Y;Uc): Indeed,
given > 0 there is, by [13, Theorem 5.28, Denition 5.29 and Remark (a) on p.
100], a neighborhood V of the neutral element e of X , such that
qK (y) 2 qK (VL(x))) dK (qK (x); qK (y))<=2;
K q(y) 2K q(VR(x)))K d(Kq(x);K q(y))<=2:
So c([x]; [y])< whenever (x; y) 2 VL \ VR: We conclude that q is uniformly con-
tinuous from (X;B) onto (Y;Uc).
On the other hand, it is essentially known, and easy to see, that if f is a uni-
formly continuous map from a uniform space (X;U) to a uniform space (Y;V) and
F is a stable lter on (X;B), then the lter base ff(F): F2Fg is stable on (Y;V).
(In fact, given V2V there is U2U such that (f  f)(U )V: Let F02F such that
F0
T
F2FU (F): Then f(F0)
T
F2F V (f(F)):)
Finally, let F be a stable lter on (X;B). Since q is a uniformly continuous map
from (X;B) onto (Y;Uc); the lter base fq(F): F2Fg is stable on (Y;Uc): Therefore,
it has a cluster point y 2 Y: From the fact that q is perfect it follows that F has a
cluster point in q−1(y): The proof is complete.
Theorem 1. Let X be a topological group of pointwise countable type. Then (X;B)
is hypercomplete if and only if it is complete.
Proof. As we indicate in the introduction, Burdick proved in [3] that a uniform space
is hypercomplete if and only if every stable lter has a cluster point. Proposition 1
concludes the proof.
Corollary 1. Let X be a Cech complete topological group. Then (X;B) is hyper-
complete.
290 S. Romaguera, M. Sanchis / Journal of Pure and Applied Algebra 149 (2000) 287{293
Proof. It is well known that every Cech complete topological group is of pointwise
countable type and its bilateral uniformity is complete (see [13, Theorem 13.30]).
Theorem 1 concludes the proof.
Corollary 2. Let X be a topological group of pointwise countable type. Then the
completion of (X;B) is a hypercomplete uniform space.
Proof. Let (bX ; bB) be the completion (X;B). By [13, Exercice 6(b), p. 259], bX is a
Cech complete topological group. Since the bilateral uniformity of bX coincides with
bB; the result follows from Corollary 1.
The following example shows that the condition that X is of pointwise countable
type cannot be omitted in Theorem 1.
Example. Consider the product topological group R@1 , where, as usual, @1 denotes
the cardinality of the smallest uncountable ordinal number !1. The bilateral unifor-
mity of R@1 is complete by [13, Proposition 3.35], but it is not hypercomplete be-
cause every hypercomplete uniform space is paracompact [3, Corollary 7], and R@1
is not paracompact by a well known result of Stone (see, for instance [5, Problem
5.5.6]).
Remark. A natural modication of the proof of Proposition 1, shows that if X is a
topological group of pointwise countable type whose left uniformity L is complete,
then every stable lter on (X;L) has a cluster point. Hence, we immediately deduce
the well-known result that if X is a topological group of pointwise countable type, then
(X;L) is hypercomplete if and only if it is complete (see [13, p. 222]). Therefore,
for any Cech complete topological group with noncomplete left uniformity, we obtain,
by Corollary 1, that the Hausdor{Bourbaki uniformity of its bilateral uniformity is
complete, whereas, of course, the Hausdor{Bourbaki uniformity of its left uniformity
is not complete.
In the rest of the paper we study hypercompleteness for free Abelian topological
groups.
If X is a topological space, we denote by FN the ne uniformity for X .
Let G be an Abelian topological group. Then the bilateral, the left and the right
uniformities on G coincide, and, thus, they have a base formed by the sets
BU = f(x; y)2G  G: x − y2Ug;
where U runs through the system of all open neighborhoods of the neutral element 0
of G (as usual for Abelian groups, we denote the group operation additively).
The free Abelian topological group A(X ) over a space X; in the sense of Markov
[10], is the free algebraic Abelian group over the set X equipped with the group
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topology T having the two following properties:
(a) X is a subspace of A(X ); and
(b) each continuous mapping from X to an arbitrary Abelian topological group G
extends to a continuous homomorphism from A(X ) to G.
We also denote the neutral element of A(X ) by 0. Any g2A(X )nf0g has the unique
reduced representation of the form g= 1x1 + 2x2 +   + nxn; where xi 2 X and i is
either 1 or −1 for i = 1; 2; : : : ; n. We put
l+(g) = jfi  n: i = 1gj; l−(g) = jfi  n: i =−1gj;
l(g) = l+(g) + l−(g);
where l(g) denotes the length of g (by denition l(0)=0). For each n2N, let An(X )=
fg 2 A(X ): l(g)  ng (by denition A0(X ) = f0g).
It is known that (X;FN) is a uniform subspace of (A(X );B) [11] and that (A(X );B)
is complete if and only if (X;FN) is complete [14]. The following lemmas will be
used in the sequel.
Lemma 1 (Tkacenko [15]). Let k 2 N[f0g; p; k1; k2; : : : ; kp 2 N such that
Pp
i=1 2
−ki
< 2−k . If G is a topological group; with neutral element e; and fVn: n2N[f0gg is a
countable collection of subsets of G such that e2Vn and V 3n+1Vn for all n2N[f0g;
then Vk1  Vk2   Vkp Vk .
Given an Abelian topological group G, N(0) will denote the family of neighbor-
hoods of the neutral element 0 of G.
Lemma 2. Let G be an Abelian topological group. If F is a stable lter on (G;B);
then the family fF + V : F2F and V2N(0)g is a base for a stable lter F on
(G;B). Moreover; if F admits a cluster point x; then x is also a cluster point of F:
Proof. It is clear that fF+V : F2F and V2N(0)g is a lter base on G. Let U2N(0).
It suces to prove that there exist F2F and W2N(0) such that F+W BU (F 0+S)
for all F 02F and all S2N(0). To this end, take W2N(0) such that W = −W and
W +W U . Since F is stable, there exists F2F such that F BW (F 0) for all F 02F.
We shall prove that F +W is the required element of F. Indeed, given F 02F and
S2N(0), consider an element f + w belonging to F +W . Then there is f02F 0 such
that f−f0 =w02W . So, f+w−f0 =w0 +w2U . Since f02F 0 + S, the proof of the
rst assertion of the lemma is complete.
Now let x2G be a cluster point of F. We shall prove that x belongs to the closure
of F for each F2F. For this in turn, given F2F and U2N(0), take us W2N(0)
such that W + W U . Then, as x belongs to the closure of (F + W ), we can nd
f2(x+W )\ (F +W ): So, f= x+w=f0+w0 where f02F and w; w02W . Therefore,
f0 = x + w − w02x +W +W  x + U , i.e. (x + U ) \ F 6= ;: We conclude that x is a
cluster point of F.
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We shall use in the sequel the neighborhoods base W of 0 in A(X ) constructed
by Yamada [16]. The idea of Yamada’s construction is based in the one of the
neighborhood base
P of the neutral element in the free topological group F(X ) by
Tkacenko [15] and it can be obtained from the neighborhood base of the neutral el-
ement in F(X ) by Pestov [12]. The neighborhood base W of 0 in A(X ) is dened
in the following way: Given the ne uniformity FN of a topological space X; put
P= fPFN: P is countableg. For each P = fU1; U2; : : :g 2 P, let
W (P) = fx1 − y1 + x2 − y2 +   + xk − yk : (xi; yi) 2 Ui; i = 1; 2; : : : ; kg:
Then W = fW (P): P2Pg. The reader should remark that the representation of the
element of W (P) need not be a reduced representation. We recall that, for each n2N,
An(X ) is compact whenever so is X .
Theorem 2. Let X be a compact topological space. Then; the free Abelian topological
group A(X ) over X is hypercomplete.
Proof. Suppose that there exists a stable lter F on (A(X );B) which has no cluster
points. By Lemma 2, fF + U : F2F and U2N(0)g is a base for a stable lter F
on (A(X );B) without cluster points. Therefore, since An(X ) is compact for all n2N,
a straightforward induction argument permits us to nd a sequence fUn: n2Ng of
symmetric neighborhoods of the neutral element and a sequence fFn: n2Ng of elements
of F satisfying:
1. (Fn + Un) \ A6n(X ) = ;;
2. Un+1 + Un+1 + Un+1Un, n2N.
Now let Wn= f(x; y)2X X : x−y2Ung for all n2N, and put P= fW1; W2; : : :g. Since
Wn2FN, P2P. We shall prove that (Fn+W (P))\An(X )=; for all n2N. Indeed, let
n2N and take any point g2W (P). Then there is p>n+1 such that g can be written
as
g= x1 − y1 + x2 − y2 +   + xn − yn + xn+1 − yn+1 +   + xp − yp
where (xi; yi) 2 Wi; i = 1; 2; : : : ; p. So, by Lemma 1, xn+1 − yn+1 +   + xp − yp2Un
and, consequently, for each f 2 Fn, l(f + xn+1 − yn+1 +    + xp − yp)> 6n which
implies that l(f+ g)  6n− 2n>n whenever f2Fn. Thus, (Fn+W (P))\An(X )= ;.
We shall see that this goes us to a contradiction. In fact, since F is stable we can nd
F2F such that F VW (P)(F 0) for all F 02F. Take a x element f2F and let n2N
such that f2An(X ). By the choice of F there is fn2Fn such that f − fn2W (P). So,
f2(Fn +W (P)) \ An(X ), a contradiction. The proof is complete.
Since every nontrivial subgroup of A(X ) meets An(X ) for all n2N and every compact
subset of A(X ) is contained in some An(X ) [2], we can apply Theorem 2 to obtain the
following
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Corollary 3. For a compact topological space X; the following assertions hold:
1. If X is nite; then A(X ) is a discrete group.
2. If X is innite; then (A(X );B) is a hypercomplete uniform space such that A(X )
is not of pointwise countable type.
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